Context. Stellar companions of accreting neutron stars in ultra compact X-ray binaries (UCXBs) are hydrogen-deficient. Their helium or C/O accretion discs are strongly X-ray irradiated. Both the chemical composition and irradiation determine the disc stability with respect to thermal and viscous perturbations. At shorter periods, UCXBs are persistent, whereas longer-period systems are mostly transient. Aims. To understand this behaviour one has to derive the stability criteria for X-ray irradiated hydrogen-poor accretion discs. Methods. We use a modified and updated version of the Dubus et al. code describing time-dependent irradiated accretion discs around compact objects. Results. We obtained the relevant stability criteria and compared the results to observed properties of UCXBs Conclusions. Although the general trend in the stability behaviour of UCXBs is consistent with the prediction of the disc instability model, in a few cases the inconsistency of theoretical predictions with the system observed properties is weak enough to be attributed to observational and/or theoretical uncertainties. Two systems might require the presence of some amount of hydrogen in the donor star.
Introduction
It is well known that accretion discs around compact objects are subject to a thermal-viscous instability at temperatures corresponding to partial ionization of hydrogen. The model based on this instability explains the main properties of dwarf nova and low-mass X-ray binary (LMXB) outbursts (see Lasota 2001 , for a review). In the case of transient LMXBs (often called soft X-ray transients -SXTs) X-ray irradiation of the accretion disc plays a fundamental role in the stability criteria and outburst physics (van Paradijs 1996; King & Ritter 1998; Dubus et al. 1999 Dubus et al. , 2001 ). An analogous instability should be present in ultra-compact binaries (P orb ∼ < 60 min) whose accretion discs are known to be hydrogen deficient (see e.g. Nelemans 2005 Nelemans , 2007 , for recent reviews). Since some AM CVn binaries (in which matter is accreted onto a white dwarf) show dwarf-nova type outbursts and several Ultra Compact X-ray Binaries (UCXBs -binaries with a neutron-star accreting primary) are transient (see it seems that the thermal-viscous instability is operating also in these systems. Stability criteria for hydrogen-deficient discs were first obtained by Smak (1983) and later by Cannizzo (1984) , Tsugawa & Osaki (1997) , El-Khoury & Wickramasinghe Send offprint requests to: J.-P. Lasota (2000) and Menou et al. (2002) . However, since they did not include effects of irradiation, they were not applicable to UCXBs in which irradiation is important (Deloye & Bildsten 2003; , but they are of course relevant to AM CVn stars).
The formation and evolutionary channels of UCXBs are still subject to discussion (see e.g. Nelemans 2007, and reference therein) . In the so-called white-dwarf channel a double white-dwarf or neutron-star -white-dwarf binary evolves due to angular momentum losses through emission of gravitational radiation. Such systems evolve from very short to longer orbital periods with ever decreasing mass-transfer rate (Deloye & Bildsten 2003; Deloye et al. 2007; Nelemans 2007 ). In the second channel a binary composed of non-degenerate helium star and a white-dwarf or a neutron-star shrinks first to a minimum period then evolves back to long periods with a strongly decreasing mass-transfer rate. Finally, the third scenario involves cataclysmic binaries or LMXBs with evolved companions. Such systems evolve towards shorter periods and when mass-loss from the companion uncovers the helium core their evolution is similar to the previous case (Podsiadlowski et al. 2002) . In all three cases the mass-transfer rate decreases with orbital period. On the other hand the critical accretion rate determining the stability of a hot accretion disc increases with the orbital period. This is because in a stationary disc, the temperature decreasing with radius and the critical temperature being practically constant, the stability is determined by the physical parameters of the outer disc's ring. The disc radius in turn increases with orbital period. Therefore one should expect the shorter period UCXBs to be stable and persistent, while longer period systems should be transient. This expectation is roughly confirmed by observations. However, the absence of stability criterion for irradiated hydrogen-deficient accretion discs has not allowed a detailed comparison of the evolution models and the Disc Instability Model (DIM) with observations of UCXBs (Deloye & Bildsten 2003) .
In this article we study the stability properties of irradiated hydrogen-poor discs and apply our results to UCXBs. In section 2 we present stability criteria for helium discs and in the case of no irradiation compare our results with those obtained by other authors. Application to observed UCXBs is presented in section 3 and problems are discussed in the last section 4. In the Appendix we included updated results for hydrogen-rich discs.
Thermal-viscous stability of helium discs
We used an updated and slightly modified version of the code described in Hameury et al. (1998) , Dubus et al. (1999) and Dubus et al. (2001) .
Opacities and EOS
The updated opacities were taken from OPAL (Iglesias & Rogers 1996) and Ferguson et al. (2005) . OPAL Rosseland mean opacities run from log T = 3.75 to 8 and the Ferguson et al. opacities run from log T = 2.7 to 4.5. An average of log κ is taken in the temperature regime where the tables overlap, weighted by log T , so that the two tables connect smoothly. In addition to the opacities, the thermodynamical quantities for the gas mixture (pressure, internal energy, etc.) are calculated following Paczyński (1969) . Our accretion discs are pure helium (Y = 1) except where noted. In the cases where the metal composition was non-zero (Z 0), we assume the Grevesse & Noels (1993) metal relative distribution.
S-curves
The stability condition is found by investigating the local vertical structure of the disc. The vertical structure was calculated following Hameury et al. (1998) and Dubus et al. (1999) . The input parameters are R 10 , T c , T irr and α (where R = R 10 10 10 cm, T c the midplane temperature, T irr the irradiation temperature and α the viscosity parameter). The returned variables are the surface density Σ and the effective temperature T eff for which local thermal equilibrium is achieved. The solutions form the well-known S-curves in the (Σ, T eff , or T c , orṀ) plane. We computed several thousands of such S-curves for α between 10 −4 and 1, R between 10 6 and 10 11 cm, T irr between 0 and 25,000 K, T c between 10 3 and 10 6 K. Example S-curves are shown in Fig. 1 . The critical values of Σ and T eff are given by the two inflexion points in the S-curve. Their dependence on Figure 1 . Example S-curves for a pure Helium disk with varying irradiation temperature T irr . The plot shows the effective temperature as a function of the surface density for α = 0.16. The different sets of S-curves correspond to different radii R = 10 6 , 10 9 and 10 10 cm. For each radius, the irradiation temperature T irr is 0 K, 10 000 K and 20 000 K. The instability disappears for high irradiation temperatures.
the input parameters can then be approximated by a numerical fit, giving the critical Σ, T c , T eff as a function of α, R and T irr as in Dubus et al. (2001) . The critical mass accretion rate is derived from the above usinġ
The dependence on M is derived from the dependence on R since the S-curve is unchanged for a constant M/R 3 ratio.
2.3. Non-irradiated helium disc: comparison with other calculations and impact of metallicity where M 1 is the mass of the compact object in solar units and α = 0.1 α 0.1 . The superscript (+) designates a critical value for hot ("upper branch") discs, whereas (−) corresponds to the cold ("lower branch") discs. We compare our results with those obtained earlier by other authors. Menou et al. (2002) The fit to the critical mass accretion rate is very close to what we find except for the stronger dependence on α in the fit of Menou et al. (2002) . This is the result of their assumption of a perfect gas equation of state: as discussed by Menou et al. (2002) , the dependence on α disappears when convective transport is included, as we have done. El-Khoury & Wickramasinghe (2000) model the emission from AM CVn stars and present a few S-curves for some specific values of α, R and M assuming a low hydrogen content. We find good agreement of the critical T eff derived from these S-curves (see their Fig. 19 ). However, we find our critical Σ are higher by ≈ 50%. Smak (1983) who took Y = 0.98, Z = 0.02 obtains Σ − crit ≈ 790 g cm −2 but in this case a non-standard way of calculating the cold branch was used (Smak 1984, and private communication) .
As noticed by Tsugawa & Osaki (1997) , the critical values depend on metallicity (see their Fig. 3 ). This mainly changes the critical Σ, especially Σ − crit . The reason is that at Σ − crit the opacity τ ∼ 1 and that changing the metallicity has a strong effect on the opacities at low temperature. It is therefore not surprising that our values for Σ − crit , found using Y = 1, differ from those of Tsugawa & Osaki (1997) One possible consequence of the metallicity dependence of Σ − crit is that running an unstable disc with α constant can lead to outbursts that have a larger amplitude when Z is low than when Z is high (because Σ − crit /Σ + crit is larger). This is intriguing as large ratios of Σ − crit /Σ + crit are known to be required to obtain realistic lightcurves in the framework of the DIM (Smak 1984) . Typically, this is achieved by lowering α in quiescence i.e. assuming less efficient momentum transport in a cold disc. However, although the ratio of Σ − crit /Σ + crit increases with lower metallicities, the values are still far from the amplitudes required for realistic lightcurves (about 10-20 compared to a ratio of about 3 here). Therefore this will not change the conclusion that one needs a lower α in quiescence for the DIM to work (Smak 1984) .
Irradiated helium discs
In determining the stability of irradiated helium discs we followed Dubus et al. (1999) : we make a hypothesis on T irr and findṀ for which the disc of given outer radius is stable. We assume that T irr is given by
where 0 ≤ C ≤ 1 is the irradiation constant defined as in Dubus et al. (1999) . The value of C depends upon the radiative efficiency, irradiation geometry, albedo, irradiation spectrum etc.
Figure 2. Example S-curves for a pure helium disc with varying C. The plot shows the effective temperature as a function of the surface density for α = 0.16. The different sets of S-curves correspond to different radii R = 10 8 , 10 9 and 10 10 cm. For each radius, the irradiation constant C is changed from 10 −5 , to 10 −4 to 10 −3 . Here, the irradiation temperature varies along the S-curve. Irradiation has little influence in the inner regions of the disc but greatly changes the S-curves at the outer radii.
With Eq. (5) we calculate S -curves with as input parameters R 10 , T c , C and α. Here, the irradiation temperature varies along the S-curve with the mass accretion rate required for thermal equilibrium. The critical points are now given as functions of α, R and C as in Dubus et al. (1999) . When one is interested in stability (and not in time-dependent calculations) C is assumed to be constant for a given system. It is therefore more convenient to express the critical points as a function of C rather than of T irr (which itself depends on R andṀ). We computed several thousands of S -curves for α between 10 −4 and 1, R between 10 6 and 10 11 cm, T c between 10 3 and 10 6 K, M 1 between 0.1 and 100 M ⊙ and C between 10 −10 and 10 −1 . Examples are given in Fig. 2 .
Irradiated pure helium disc
For C ≤ 10 −6 one should use the non-irradiated fits given by Eq. (4). For C ≥ 10 −6 the fits to the critical values are given to a good approximation (average relative error ≤ 25% for Σ 
where C = 10 −3 C −3 . We show only the results for the upper-branch (hot discs). Since in quiescent SXTs X-ray irradiation is negligible, the relevant criterion for the lower-branch (cold discs) is the one without irradiation. For example, according to the DIM in a quiescent disc the surface density must satisfy Σ < Σ − crit (see e.g. Lasota 2001) . Since in such a discṀ ∼ R 2.65 (Eq. 4) the ratio of viscous to irradiating fluxes F vis /F irr ∼ R 1.65 and selfirradiation is never important ).
Irradiated disc with mixed composition
In order to discuss the influence of the hydrogen depletion we also calculated the case with X=0.1 and Y=0.9. We find 
Application to ultra-compact binaries
The neutron star's stellar companions in Ultra Compact X-ray Binaries (UCXBs) P orb ∼ < 60 min cannot be hydrogen-rich stars since such stars would not fit into the orbit. The 10 confirmed UCXBs (see Table 3 have orbital periods in two ranges: one between ∼ 10 and ∼ 20 minutes, the second ∼ 40 and ∼ 50 minutes. The four systems below 20 min. are classified as persistent X-ray sources (except for 4U 1543-624 they are X-ray bursters). Of the six binaries with periods above 40 min. one is classified as persistent: 4U 1916-05 which is an X-ray bursting dipper. The binary 4U 1626-67 (which contains a 7.7 s Xray pulsar) used to be classified as persistent but its brightness is slowly but clearly decaying (Krauss et al. 2007 ). The other four systems are accretion-driven millisecond pulsars and are all transient systems. In general therefore UCXBs follow the expected pattern: shorter period are stable, at longer periods discs become unstable. However, as we shall see, comparing actual stability criteria with observations makes things a bit more complicated. In any case one should keep in mind that the division of UCXBs into persistent and transient might be "time dependent". We already mentioned 4U 1626-67 (which should fade out into quiescence in 2-15 years, see Krauss et al. 2007) but also the UCXB candidate 1H 1905+000 that was persistent for at least 11 years has now completely disappeared from the X-ray sky (Jonker et al. 2007 ).
According to Paczyński (1977) the maximum disc radius can be written as
(valid for 0.03 < q < 1), where
is the binary separation; P min being the orbital period in minutes. For convenience we will write the disc outer radius as 
The value of C is not known a priori. Since it is a measure of the fraction of the X-ray luminosity that heats up the disc it contains information on the irradiation geometry, X-ray albedo, Xray spectrum, etc. Dubus et al. (1999) found that the observed optical magnitudes and stability properties of persistent low mass X-ray binaries were compatible with a value C ≈ 5×10 −4 . It is not clear that the same value describes well the properties of UCXBs. Therefore will take C = 10 −3 as the results do not vary much for the range 5 10 −4 ≤ C ≤ 2 10 −3 , say. With this value of C, from Eqs. (6), (8) and (9), assuming M 1 = 1.4 α = 0.1, f = 0.6, one obtains the following relation between the critical accretion rate and the orbital period for a pure helium X-ray irradiated disċ
In the non-irradiated pure-helium disc the equivalent relation readṡ
For an irradiated mixed composition (X=0.1, Y=0.9) the critical accretion rate iṡ 1 (Zdziarski et al. 2007 ), 2 (Wang & Chakrabarty 2004) , 3 (Sidoli et al. 2006 ), 4 (Dieball et al. 2005) , 5 (Markwardt et al. 2003; Falanga et al. 2005) , 6 (Krauss et al. 2007 ), 7 (Markwardt et al. 2002; Gierliński & Poutanen 2005) , 8 (Galloway et al. 2002; Juett et al. 2003 and for the solar composition the critical accretion rates for irradiated discs iṡ
These four criteria are plotted in Fig. 3 . Deloye & Bildsten (2003) studied the structure and evolution of UCXBs and showed that for orbital periods ∼ > 30 min the mass-transfer rate cannot be ∼ > 10 −10 M ⊙ y −1 if they evolved adiabatically from systems filling their Roche-lobes at P orb ≈ 10 min. As seen in Fig. 3 one arrives at a similar conclusion using full stellar models (Deloye, private communication) . These models are parameterized by the total binary mass and the initial degeneracy parameter of the secondary given by ψ = E F /k T c , where E F is the Fermi energy and T c the central temperature (see Deloye et al. 2007 ). In general the evolutionary tracks are consistent with the stability properties of individual systems but there are interesting cases where this can be questioned.
Discussion
All UCXBs known to be transient (the millisecond pulsars and the young pulsar binary 4U 1626-67) have mass transfer rates well below the stability limit for irradiated helium discs. However, a word of caution is needed as it is not clear that the criterion in form of Eq. (12) can be applied to MSP binary systems as their secondary masses are supposed to be < 0.01M ⊙ , As mentioned in Yungelson et al. (2006) , for lower values of q matter transferred from the Roche lobe circularizes on unstable orbits and it is unclear how disc formation proceeds. The actual outer disc radius may therefore be smaller (but not by much, see below) than we have assumed above, which would act to make the systems stabler than anticipated. On the other hand according to Eq. (12) the maximum outburst luminosity of helium UCXB MSPs can be expressed as (see also Lasota 2008) L max ≃ 3.5 × 10 37 P orb 1h
which agrees well with observations. In fact in all UCXBs mass-ratios could be less than 0.03 but the fact that luminosities are consistent with the size of a standard disc model suggests that the stability criterion is applicable even in such extreme binary systems.
Persistent systems
The mass-transfer rate were calculated by using the luminosities quoted in the references mentioned in Table 3 assuming a 1.4 M ⊙ neutron star with a 10 km radius. Among the systems classified as persistent, two (4U 1820-30 and 4U 1543-624) are stable according to the stability criterion for irradiated helium discs but three other binaries (4U 1850-087, M15 X-2 and 4U 1916-05) should be transient according to this criterion but apparently are not. One can try to explain this apparent contradiction in three ways. First, the mass-transfer rates (bolometric luminosities) could be underestimated. Second, the outer disc radius has been overestimated. Third, the companion are not pure-helium stars but (still) contain some amount of hydrogen. Let us note that C/O -donors would make things even worse for the DIM as the corresponding stability curves would be above the helium curves (Menou et al. 2002; Deloye & Bildsten 2003) because of their higher ionization potentials.
Considering the first possibility one remarks that of the three outliers the two with P orb ∼ 20 min are located in globular clusters, so one could assume the distance to these sources is well known. However, the distance to the peculiar globular cluster NGC 6712 first believed to be 6.8 kpc (Cudworth 1988 ) is now measured to be ∼ 8 kpc by Paltrinieri et al. (2001) . Also in the case of M15 X-2, the mass-transfer rate based on the Xray luminosity used in Table 1 could be an underestimate anḋ M ∼ > 4 × 10 −10 M ⊙ y −1 (Dieball et al. 2005) . At first, the second possibility seems to be more promising since the dependence of stability criterion on the outer disc radius is very strong. One could think that it is enough to take a value smaller than the maximum to get rid of the problem. For example at P orb ∼ 20 mn, an outer disc radius of 0.3 a (a factor ∼ 2 smaller than assumed above) is enough for the X-ray heating of a helium disc to stabilize the system. However, already for q = 0.1 the circularization radius is equal to 0.3 a so for the likely smaller mass-ratio of systems of interest it is not a viable solution.
It seems finally that the third possibility is the most likely way out of the stability problem for the two systems. A small fraction of hydrogen left (X ∼ > 0.05, see Fig. 3 ) would make them stable. For 4U 1820-30 Cumming (2003) found that X ∼ 0.1 is compatible with the X-ray burst properties of this system. This conclusion, however, does not apply directly to the two systems of interest but evolutionary models of Podsiadlowski et al. (2002) would allow them to have X ∼ > 0.1 (rather paradoxically these models predict mass-transfer rates higher than observed, in fact in the helium stability range.)
The evolution of 4U 1916-05 is rather controversial. Nelson et al. (1986) suggested that mass-transfer rate deduced for 4U 1916-05 points to an evolved secondaries as donors in this systems. This would allow the presence of hydrogen. However, challenge this conclusion finding a He donor and a high N abundance. However, it is not clear how this is consistent with the white-dwarf channel.
Finally, the 20 min systems could have evolved through the so-called "magnetic capture" (van der Sluys et al. 2005 ). In such a (very unlikely) case they still contain enough hydrogen to fulfill the stability criterion for X ∼ < 0.1.
The unstable UCXBs
Among the five systems in this category, four are accreting millisecond pulsars (MSP). The mass-transfer rate was estimated from the formulȧ
where D is the distance to the binary, F outb is the mean bolometric flux during outburst; t outb and t rec are respectively the outburst duration and the recurrence time. Except for XTE J1751-305 where the recurrence time is known to be 2-3 years, t rec was assumed to be 10 years andṀ tran is therefore an upper limit. Our estimates our close to those of Watts et al. (2004) . In all cases the distance to the sources is poorly known so in addition to the unknown recurrence times this makes mass-transfer estimates somewhat uncertain. From the point of view of the instability criterion this is of no importance as all the MSP are comfortably well below (two orders of magnitudes) the threshold. Fig. 3 shows also evolutionary tracks calculated by Deloye (private communication) and one might suspect that MSP donors are rather C/O than He stars (see Deloye & Bildsten 2003) .
The case of 4U 1626-67 is different. The neutron star in this UCXB is a young pulsar and it is transient in a different sense: its "outburst" does not last tens of days but tens of years and it is not clear at all that this behaviour has anything to do with the thermal-viscous instability of the DIM. The value of masstransfer rate given in Table 3 is just a reference value given by Eq. (4) of Krauss et al. (2007) . The source has been on since 1977 and seems to be decaying but the estimate that it will off in 2-15 years is based on dubious premises. One can say only two things:
The mass-transfer rate of 2.0 × 10 −10 M ⊙ y −1 is incompatible with evolutionary tracks of Deloye & Bildsten (2003) . (See, however, Yungelson 2008) .
The mass accreted during ∼ 30 years was ∼ 5 × 10 24 g (for D = 3kpc) which is compatible with the maximum mass in a cold quiescent helium disc: 
(see Eq. 3.) However, the recurrence time could be longer than 1000 years, say and the mean accretion rate over the cycle ∼ < 2.5 × 10 −12 M ⊙ y −1 , compatible with evolutionary tracks of Deloye & Bildsten (2003) and Deloye et al. (2007) . Irradiated solar-composition discs
The fits were obtained with the parameters varied in the range 10 −5 ≤ α ≤ 1, 10 −4 ≤ R 10 ≤ 10, 0.1 ≤ M 1 ≤ 100 and 10 −6 ≤ C ≤ 1. The average relative uncertainty on logṀ + crit is ≤ 2%. 
